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The question

Input.
F:PRY — PERY

Can be generalized to P(X) — P(Y)
with X, Y Polish space and X geodesic.
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The question

Input. Transport y = f(x, )

Yy
F : P(RY) — P(RY) A ﬁ

Can be generalized to P(X) — P(Y) @

F(p)
with X, Y Polish space and X geodesic. L4
Is there 7 : R? x P(RY) — R such that, for all g,
g« Image measure of
F(ILL) — f(,,u)#,u ,U#by map g : Rd N Rd
and can f be chosen continuous if I Is continuous?
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Why? approximation of maps by transformers
An (encoder) transformer can be seen as a map F : P(R%) — P(R?) with
EF(p) = f(sp)gep
r € RY token

H= % Z:il 533@ )
collection of tokens f= f(.x, ju) 10 desgnbe the
' attention mechanism

Useful for the many tokens limit m — +oc.

[Vuckovic et al, 2020], [Sander et al, 2022], [Geshkovski et al, 2025], etc. 4/ 11



Why? approximation of maps by transformers

An (encoder) transformer can be seen as a map F : P(R%) — P(R?) with
F(p) = f(op)up

r € R? token

H= % 2111 533@ )
collection of tokens f= f@’ ju) 10 des§r|be the
' attention mechanism

Useful for the many tokens limit m — +oc.

Result. If (1;,v;), finite collection, Result. If (2 compact and

under assumption we can find f:QxPQ) — RYjointly

transformer with continuous, it can be approximated
F(u;) ~ v; forall j. by transformer architecture.

[Geshkovski, Rigollet & Ruiz-Balet, 2024] [Furuya, de Hoop & Peyré, 2024]
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Why? approximation of maps by transformers

An (encoder) transformer car

= % 2111 Oz,
collection of tokens.

(:u) — f('nu)#:u

man. L . D/ ||Dd\ \ ﬁ/T[Dd\ wath

When does a transformation
F decomposes like this in the
first place?

f = f(x,n) to describde—
attention mechanism

Useful for the many tokens limit m — +oc.

Result. If (1;,v;), finite collection,
under assumption we can find
transformer with

F(u,) ~ v, forall j.

[Geshkovski, Rigollet & Ruiz-Balet, 2024]

Result. If ) compact and
f:QxP(Q) — R jointly
continuous, it can be approximated
by transformer architecture.

[Furuya, de Hoop & Peyre, 2024]
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Obstruction and the non splitting assumption

F(u) = p =, and ~v has a density.

5o F(dp)

-
F

>< No transport representation.
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Obstruction and the non splitting assumption

F(u) = p =, and ~v has a density.

5o F(dp)

-
F

>< No transport representation.

Assumption (non-splitting on empirical
measures). For p = >_"" | a;d,, with a;
rational, there exists ¢ : R? — R with

guh = F(u).
° o ° F(p)
O 9# »
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Obstruction and the non splitting assumption

F(u) = p =, and ~v has a density.

5o F(dp)

-
F

>< No transport representation.

Assumption (non-splitting on empirical
measures). For p = >_"" | a;d,, with a;
rational, there exists g : RY — R with
guh = F(u).
o
° o ° F(p)
O g+ O

Remark. Take p =", a;0,, and F(u) = 2(dy, + 0y, )-

o o ® 1) F(u). = guh If and only ifthere exists I, I
° partition of {1,... ,m}with } ., a; =}, ai
® partition problem (NP hard).
H O
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Continuous F

P(R%) endowed with narrow (a.k.a. weak) topology.

Theorem. If F': P(R) — P(R) continuous and non-splitting on empirical
measures, there exists f : RY x P(R?) — R¢ measurable such that

F(u) = f(-, p)gp forall p.
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Continuous F

P(R%) endowed with narrow (a.k.a. weak) topology.

Theorem. If F': P(R) — P(R) continuous and non-splitting on empirical
measures, there exists f : RY x P(R?) — R¢ measurable such that

F(u) = f(-, p)gp forall p.

But f cannot be chosen to be continuous

-’
~
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Example of discontinuous f but continuous I

A
g 1-periodic and Lipschitz g
Define for = € [0, 1] and p € P(|0,1]) | function with gzA = A / \ f f : \
X
.CE, — Y]
f@ ) =g (W(,LL, >\)1/2> \ Lebesgue measure
and on [0, 1]

W (u, A) Wasserstein distance

between p and A
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Example of discontinuous f but continuous I

A
g 1-periodic and Lipschitz g
Define for = € [0, 1] and p € P(|0,1]) | function with gzA = A / \ f f : \
X
.CE’ — Y]
f@ ) =g (W(,LL, >\)1/2> \ Lebesgue measure
and on [0, 1]

W (u, A) Wasserstein distance
between p and A

1. f and I are continuous for u # \.

A f(z,p) A
2. As i — A, f(-, ) diverges but o= A
W (F (1), \) S W (p, \)'? -
so F continuous with F(\) = A g "



Lipschitz

Recall. 17, s,/ =min{ [ o~ o'|dy(a,a)
Y

R x R4 .
~ has marginals M,M'}

W, distance on P,(R%) measures with finite p moments.
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Lipschitz

Recall. 17, s,/ =min{ [ o~ o'|dy(a,a)
v R4 x R4
~ has marginals M,M'}

W, distance on P,(R%) measures with finite p moments.

Theorem. Assume F : P,(R%) — P,(R%) is non-splitting on empirical
measures and Lipschitz.

Then there exists f : R? x P,(R%) — R such that f(-, u)xu = F(u) and

Tn — T, fln —> M, Tn €SUPD(Un), x €supp(p) = f(Tn,pn) = f(@

, 14)

cannot be removed
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Element of proof 1): generic measures

Definition. A measure ;= >".", a;d,, is generic if: . M
®
117]2g{17°°°7m}7 Zaizzai = ]1:]2 . ®
ASYEl AP’

9/11



Element of proof 1): generic measures

Definition. A measure y=> ", a;d,, is generic if:

Il,lgg{l,...,m}, Zai:Zai = 11:]2

€11 1€15

Lemma. If ;1 is genericand gxu = g, pt
then g = ¢’ on supp(u).

g#H
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Element of proof 1): generic measures

Definition. A measure ;= >".", a;d,, is generic if: . M
®
Il,lgg{l,...,m}, Z%:Zai — Iy = 1o . ®
el €15 /
94
®
g# 1 0

Lemma. If ;1 is genericand gxu = g, pt
then g = g’ on supp(p). generic measures

dense in P,(R%)

Consequence: f(-, ) uniquely defined for 1 generic measure. There
exists at most one f globally defined and continuous in g.
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Element of proof 2): the space TL,(R%; R?)
S

v = (id x f(-, 1)) p 0

1€ Py(RY) f(,p) el v € P,(R?* x RY)
3 p

[Garcia Trillos & Slepcev, 2016, 2018], [Thorpe et al, 20171. 10/11



Element of proof 2): the space TL,(R%; R?)
~~ A

v =(id x f(-, ) pp Y

1€ Py(RY) fQG,u) € Lh v € P, (R4 x RY)

Distanceonthe =~ W, onP,(R? x RY)
space TL, of pairs

[Garcia Trillos & Slepcev, 2016, 2018], [Thorpe et al, 20171. 10/11



Element of proof 2): the space TL,(R%; R?)

(o fom) ~ Ny = (id x () ¥

1€ Py(RY) f(,p) € L v € Pp(R? x RY)

Distanceonthe =~ W, onP,(R? x RY)
space TL, of pairs

1. If F' L-Lipschitz, then p— (u, f(-, 1))
uniquely defined on generic measures,
and (1 + LP)/P Lipschitz with respect to
TL,(R;R%).
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Element of proof 2): the space TL,(R%; R?)

(o fom) ~ Ny = (id x () ¥

1€ Py(RY) fQG,u) € Lh v € P, (R4 x RY)

Distanceonthe =~ W, onP,(R? x RY)
space TL, of pairs

(1s (o5 18))- not complete

1. If F' L-Lipschitz, then p— (u, f(-, 1)) 2. The space TL, is not
uniquely defined on generic measures, complete. We prove that f(-, u)
and (1 + L?)'/? Lipschitz with respect to | | is L-Lipschitz on supp(p).
TL,(R; R%).
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Concluding remark

e.g. A class of transformers

Corollary. For Q2 compact, assume A class of functions 2 x P,(Q2) — R¢
which can approximate uniformly any continuous function.

Then if F': P(2) — P,(R?) is non-splitting on empirical measures and
Lipschitz, for any £ > 0 there exists g € A such that, with F, (1) = g(-, )z 1

S‘jbp Wp(F(n), Fo(p)) < e

11/11




Concluding remark

e.g. A class of transformers

Corollary. For Q2 compact, assume A class of functions 2 x P,(Q2) — R¢
which can approximate uniformly any continuous function.

Then if F': P(2) — P,(R?) is non-splitting on empirical measures and
Lipschitz, for any £ > 0 there exists g € A such that, with F, (1) = g(-, )z 1

S‘jbp Wp(F(n), Fo(p)) < e

Thank you for your attention
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