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Auto-regressive models
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. Generation steps K = Sentence length N
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: EX mpling if
center for | research | In econor actsa pl s

T ~ T(T|T1, T2, T—1)
Probabilistic model N sentence length
T E P(XN)

X alphabet (finite)
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Factorized approximation
Iteratefork=1,.. K

1. Select z; a set of s tokens.
2. Sample z; from 7 (z;|x._, ), Independenlty for i € z.

3. Set z<; = z« U 2z the “unmasked” coordinates.

el \\ B 4
center fo( | research o and statistics |  *k — 12,4}
N~ SSN— —__

ng - {1, 2,4}
\/ K steps < N sentence length

X Inexact sampling even if we know conditionals
7/25



Wrap-up and setting

N sentence length
T e PN
X alphabet (finite)

8/25



Wrap-up and setting

: : .. N sentence length
Oracle p, (obtained via training) e P

p9($¢|Xz) ~ W(wz!Xz) X alphabet (finite)
with z C {1,..., N}, ¢ z.

center ® ® P

Same cost to evaluate py(-|x,) € R

for a single i or all i ¢ -. s bl

8/25



Wrap-up and setting

: : .. N sentence length
Oracle py (obtained via training) e P

p9($¢|Xz) ~ W(wz!Xz) X alphabet (finite)
with z C {1,..., N}, ¢ z.

center ® ® P

Same cost to evaluate py(-|x,) € R

for a single i or all i ¢ -. s bl

1. Initialize zo = 0.
2. Fork =1,..., iterate:
a. Select z, C{1,..., N} \ z<&.

b. Sample z; from pg(z;|x._, ), iIndependenlty for i € z.
c. Set Z<k = Z<k U 2.

3. Until z<,, = {1,...}. Return x = (x1,...,zy) and K number of steps.

8 /25




Wrap

-up and setting

Oracle p, (obtained via training) e P

po(xi|x,) = 7(x;|x,)

withz C {1,...,N},i ¢ z.

Same cost to evaluate py(-|x,) €
forasingleioralli ¢ z.

N sentence length

X alphabet (finite)
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1. Initialize zo = 0.

2. Fork =1,..., iterate: Factorl?ed .
approximation
a. Select z, C{1,..., N} \ z<k.
b. Sample z; from pg(z;|x._, )(independenlty for i € z.
c. Set <k = Z<k U Zk.
3. Until z<,, = {1,...}. Return x = (x1,...,zy) and K number of steps.
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Our questions

Study computation vs accuracy trade-off of factorized approximation

How does it scale in N and K?
How does it depend on 77
How to choose the schedule 21, ..., zx to minimize 1t?
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Continuous diffusions

Stochastic process (X;):>o with Xy ~ 7, e.g. SDE

awron R oising/forward

denoising/backward

\—/

: : Simple distribution
(Y;)¢>0 time reversal (in path space) of (X;);>0 P

Training: learning features of the law of X; for¢ > 0.
Generation: use these features to simulate (Y;);>o.

[Song et al, 2020] 11/25
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Masked discrete diffusions

% | center for | research | in economics| and statistics

Noising
1. Initialize Xy ~ 7 and

exponential clock. X o research | in economics | and statistics
2. When clock rings:

a. Choose I at random,
b. Substitute :-th

component by e,
c. Start new clock. X ® research ° and statistics

Repeat untilx = (e, -+ ,0).

X ° research ° and statistics

i ® research ° ®

The noising process is a continuous time jump process over a discrete space.
The denoising process Is the any-order generative model (K = N).

[Austin et al, 2021], [Campbell et al, 2022], [Shi et al, 2024], [Sahoo et al, 2024]... 12/25
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Tau-leaping

To simulate a continuous time jump process: jumping times

HK—X % 7KK % % 7KK > t

D = < ™ > = > = >

Simulate all jumps in a window of time 7 as If they are independent.

Claim: with 7-leaping in the time reversal of the noising process, you
obtain the masked diffusion models with factorized approximation.

Waiting time in forward diffusion and 7 give the schedule: how many tokens
|zx| are unmasked at each step.

[Gillepsie, 2001], [Campbell et al, 2022] 13/25
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» Factorized approximation.

[ K
Elearn = E S: S: KL(7(z;|x2_, ) |po(@i|xz_, )
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Error decomposition

Two sources of errors
» Denoiser different from 7 (z;|x,);
» Factorized approximation.

Inputs
. Denoiserpe(%\xz)?
 Planner vy(zr; X<k, 2<k)-

Theorem. With p, € P(X?") the output of the algorithm:

KL(m < F E
( ‘palg) S Llearn T LAfact Ew.rt x ~ 7 and 21’

- K . given by planner
Elearn = E S: S‘ KL(7 (wi‘XZ<k)‘p9(w’i‘XZ<k))
Lk=11€2 i
e _
Efact — E Z TCﬂ‘ Zk‘Xz<k TCW(Zk‘X<k) — KL (W(XZk‘XZ<k) ® W(CE@’XZ<I€))
k=1 | 1E2k
Similar results in [Li & Cai, 2025], [Ben-Hamu et al, 2025] 15/25




Error decomposition

Inputs
« Denoiser Po(Tilxz);

« Planner vg(zp; X<k, 2<k).

Two sources of errors
» Denoiser different from 7 (z;|x,);
» Factorized approximation.

Theorem. With p, € P(X?") the output of the algorithm:

K1

Only depends on 7 and planner, not
denoiser: our focus today

Flearn = E E E KL (7 (x;

Similar ré




Worst case bound

Theorem. Schedule with |z;| constant:
Ffact < (N o K)D(W) < (N o K) 10%“)("

D)= 28 o215
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sum of total correlation and dual
total correlation of =
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Worst case bound

Theorem. Schedule with |z;| constant:
Ffact < (N o K)D(W) < (N o K) log\X\.

1 ZN m(zi|x_;)
For any partition (z1, ..., zx) given, =

we can build = with equality. sum of total correlation and dual
total correlation of 7

z; = x; under 7 If 4, j belong to same zy,
z; L x; under «w if 7, j belong to different z;’s.

- ‘=
_—

Not a great bound.
16/25



The exchangeable case

Fix only (sq,...,sKx) with sy + ...+ sg = N the number of tokens per step.

Exchangeable schedule: choose z;, a subset of {1,..., N} \ 2. of size s,
uniformly at random.
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The exchangeable case

Fix only (sq,...,sKx) with sy + ...+ sg = N the number of tokens per step.

Exchangeable schedule: choose z;, a subset of {1,..., N} \ 2. of size s,
uniformly at random.

Theorem. With sq, ..., sk deterministic for simplicity,
Ffact < (Hl]?X s —1)D(m) < (mkax s — 1)log |X|.
Factor K better scalesas N/K
° e than previous

bound!
Similar bound in [Li & Cai, 2025] 17/25



Elements of proof

Definition of information profile:
f(i) = Ellogm (25, [%0., )]

with x ~ 7, and ¢ L x random
permutation of {1,..., N}.

Lemma. f is increasing and

fIN —1) = f(0) = D(m).
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Definition of information profile:
f(i) = Ellogm (25, [%0., )]

Lemma. f is increasing and

fIN —1) = f(0) = D(m).

with x ~ 7, and ¢ L x random
permutation of {1,..., N}.

Lemma. For exchangeable
deterministic schedule, with

ar = |z<k| = Zegk 5S¢

we have
K-—1

Efact = Z F@) =) (art1—ax) f(ar).

k=0

A

A o
o
o
o
o
o
v ¢ 1= N —1
@ |
1 =0
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Elements of proof

Definition of information profile:
f(i) = Ellogm (25, [%0., )]

Lemma. f is increasing and

fIN —1) = f(0) = D(m).

with x ~ 7, and ¢ L x random
permutation of {1,..., N}.

D(r)
Lemma. For exchangeable
deterministic schedule, with
ak = z<k| = D o<y St
we have
K-—-1
Efact = Z f Z Af41 —ak)f(ak)-
k=0

A A .—T_Y_Y oo
O
Efact

) X

¢ aq as 4K

® % x—o—»

ag - >
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Same decomposition in [Chen, Cong & Li, 2025] posted 1 week after ours.



With this, a one line proof

Algebraic rewriting:

N—1
Efact = Z Af(@)(?“z — Z) @0 a1 -
1=1

r;, —1
r; 1s the first a, > i.
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With this, a one line proof

Algebraic rewriting:

N—1
T T =a
FEfact = Z Af(Z)(’I“Z — Z) aox Cl1x ai . ) s _
1=1 0
Ti—i
r; 1S the first a; > 1.
Af@i) = f(i) = fi—1) \‘
l Oﬁri—igmaxsk—l
N—1 L
Af>0and ZAf(i):D(w) \‘
1=1

\\> Efact < (max sy —1)D(7)

k 19/25



Optimizing the schedule

Goal. Given 7 and K, find sq, ..

.S With s1 + ... 4+ sg = N to minimize Esy.
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Optimizing the schedule

Goal. Given v and K, find s1,..., s with sy +... + s = N to minimize Efy.

Recall: With Ak = D p<p St Remark. Knowing f, can be solved
in polynomial time with dynamic

K-—1
Efact = Z f(i)= > (ars1—ax)f(ar). | programming.
k=0
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Optimizing the schedule

Goal. Given v and K, find s1,..., s with sy +... + s = N to minimize Efy.

Recall: with ap = ZKk Sy,

K-—-1
Efact = Z f Z Ak+1 _ak:)f(ak)-
k=0

Remark. Knowing f, can be solved
in polynomial time with dynamic

The optimal (si)g Is:

* non-increasing if f convex;
* non-decreasing if f concave.

Lemma. Assume f strictly increasing.

programming.

20/25
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Scaling limit: N, K — +oowith N/K — 400
With « : [0,1] — [0, 1] non-decreasing and C', define a;, = [Nay k.

AA .Q‘ 1
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Assume that, in C*!, the rescaled . — _
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Scaling limit: N, K — +oowith N/K — 400
With « : [0,1] — [0, 1] non-decreasing and C', define a;, = [Nay k.

AA .C. 1
..
Assume that, in C*!, the rescaled . — _
information profile converges: (7 f
o
. (1 v B
1) ~ (0 D(m — . 1 =N —1
£(i) = 10 + D7 ) L L 1

Theorem. In the limit N, K — +oowith N/K — +oc:

D(m) N L ,
Efact ~ é ). I -/0 f'(ay)éd dt.

Complexity of 7 Scaling in N, K Effect of schedule 21/25



Consequence: optimal schedule

1
Proposition. Minimizing / PlanaZdt with ap = 0and a; — 1 yields
0
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Consequence: optimal schedule

1
Proposition. Minimizing / PlanaZdt with ap = 0and a; — 1 yields
0

(87

=G (tG(1))

t —
with G(y / \/ z)dz and the minimal value is (/ \/ dz> .

Consequence. Gain from optimizing: In practice if f estimator of f,

1
S X .
FExact(optimal sch.) (/ \/ dz) e \/Af(ak)

FEri(constant sch. ) / (s

22 /25




Remark: the case N/K — 5

Theorem. In the limit N, K — +co with N/K — 5 € (0, +00):
D b ,
0

A 22

hs(z) plecewise linear and coincide
with 22 for z € {0,1/5,2/5s,...}

1/s 2/s5 3/s
23/25



Finding the optimal schedule in practice

7 unknown — use py to estimate
f(i) = Ellog m(z0, ., |5, )]-

ST

Giacomo Zanella

g

Carlo ucibello ecili Secchi
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Finding the optimal schedule in practice
Ongoing work by:

7 unknown — use py to estimate

1(i) = Ellog 7(2o,,, |, )] e
N = 1024, language model by P NEr N
Sahoo et al (2024): Carlo Lucibello Cecilia Secchi Giacomo Zanella

Size of unmasked set

T
400

T
400

T
400

600
k

Estimating f (100 samples) Estimating f (1000 samples) Optimal schedule o
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- Bounds on the factorization error. A
« Optimisation of the schedule.

|
What's next?

-~ - Beyond exchangeable schedules: adaptive planners?
* Error in 7-leaping beyond the masked diffusion?
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Thank you for your attention
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