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The JKO scheme
E : P(Rd) → [0,+∞] and µ0 ∈ P(Rd).

OT(µ, ν) = min
π∈Π(µ,ν)

∫∫
Rd×Rd

|x− y|2 dπ(x, y).

Subset of P(Rd × Rd), coupling between µ and ν

Level sets E

µ0 P(Rd)

[Jordan, Kinderlehrer & Otto, 1998]

Minimizing movement scheme / JKO scheme. For τ > 0 iterate for k ≥ 0,

µτ
k+1 ∈ arg min

µ
E(µ) +

OT(µ, µτ
k)

2τ
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The JKO scheme
E : P(Rd) → [0,+∞] and µ0 ∈ P(Rd).

OT(µ, ν) = min
π∈Π(µ,ν)

∫∫
Rd×Rd

|x− y|2 dπ(x, y).

Subset of P(Rd × Rd), coupling between µ and ν

Level sets E
Curve (µt)

µ0 P(Rd)

µτ
k ' µkτ as τ → 0 with (µt)t gradient flow of E with respect to OT geometry.

Question: how to use entropic OT instead of OT?

[Jordan, Kinderlehrer & Otto, 1998]

Minimizing movement scheme / JKO scheme. For τ > 0 iterate for k ≥ 0,

µτ
k+1 ∈ arg min

µ
E(µ) +

OT(µ, µτ
k)

2τ
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With entropic optimal transport?

µ
ν

OTε(µ, ν) = min
π∈Π(µ,ν)

∫∫
X×X

c(x, y) dπ(x, y)

(X, d) compact metric space with symmetric cost function c, and ε > 0.
π(dx, dy)x

yDefinition

+εKL(π|µ⊗ ν)

1. easier to compute (Sinkhorn algorithm),
2. better statistical complexity,
3. smoother dependence in (µ, ν).

Why?

[Peyré & Cuturi ,2018]

Kullback-Leibler
divergence, a.k.a relative
entropy
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With entropic optimal transport?

OTε(µ, ν) = min
π∈Π(µ,ν)

∫∫
X×X

c(x, y) dπ(x, y)

(X, d) compact metric space with symmetric cost function c, and ε > 0.
Definition

+εKL(π|µ⊗ ν)

µτ
k+1 ∈ arg min

µ
E(µ) +

OTε(µ, µ
τ
k)

2τ

Entropic JKO scheme:

[Peyré, 2015]
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OTε(µ, ν) = min
π∈Π(µ,ν)

∫∫
X×X

c(x, y) dπ(x, y)

(X, d) compact metric space with symmetric cost function c, and ε > 0.
Definition

+εKL(π|µ⊗ ν)

µτ
k+1 ∈ arg min

µ
E(µ) +

OTε(µ, µ
τ
k)

2τ

Entropic JKO scheme:

[Peyré, 2015]

Problem: µ does not minimize
ν 7→ OTε(ν, µ).
 Global minima of E not
stable.
 Temporal evolution
not a time scale τ .
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With entropic optimal transport?

OTε(µ, ν) = min
π∈Π(µ,ν)

∫∫
X×X

c(x, y) dπ(x, y)

(X, d) compact metric space with symmetric cost function c, and ε > 0.
Definition

+εKL(π|µ⊗ ν)

µτ
k+1 ∈ arg min

µ
E(µ) +

OTε(µ, µ
τ
k)

2τ

Entropic JKO scheme:

[Carlier, Duval, Peyré, Schmitzer, 2017]
[Baradat, Hraivoronska, Santambrogio, 2025]

Problem: µ does not minimize
ν 7→ OTε(ν, µ).
 Global minima of E not
stable.

One Solution: Decrease ε with τ .

 Temporal evolution
not a time scale τ .

 scaling ε � τ or ε ∼ τ .
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With entropic optimal transport?

OTε(µ, ν) = min
π∈Π(µ,ν)

∫∫
X×X

c(x, y) dπ(x, y)

(X, d) compact metric space with symmetric cost function c, and ε > 0.
Definition

+εKL(π|µ⊗ ν)

µτ
k+1 ∈ arg min

µ
E(µ) +

OTε(µ, µ
τ
k)

2τ

Entropic JKO scheme:

Today: I will keep ε fixed.

Problem: µ does not minimize
ν 7→ OTε(ν, µ).
 Global minima of E not
stable.

One Solution: Decrease ε with τ .

 Temporal evolution
not a time scale τ .

 scaling ε � τ or ε ∼ τ .
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Using Sinkhorn divergences

Sε(µ, ν) = OTε(µ, ν)−
1

2
OTε(µ, µ)−

1

2
OTε(ν, ν).

As OTε(µ, µ) > 0, debias by defining Sinkhorn divergence

[Genevay, Peyré, & Cuturi, 2018]
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Using Sinkhorn divergences

Sε(µ, ν) = OTε(µ, ν)−
1

2
OTε(µ, µ)−

1

2
OTε(ν, ν).

As OTε(µ, µ) > 0, debias by defining Sinkhorn divergence

Theorem Assume exp(−c/ε) positive definite universal kernel.
1. Sε(µ, ν) ≥ 0 with equality iff µ = ν, and Sε “metrizes” weak convergence.
2. Sε convex in each of its inputs.

Assumption
until the end
of the talk

but
√
Sε not a distance

[Feydy, Séjourné, Vialard, Amari, Trouvé & Peyré, 2019]
[Genevay, Peyré, & Cuturi, 2018]
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Using Sinkhorn divergences

Sε(µ, ν) = OTε(µ, ν)−
1

2
OTε(µ, µ)−

1

2
OTε(ν, ν).

As OTε(µ, µ) > 0, debias by defining Sinkhorn divergence

Theorem Assume exp(−c/ε) positive definite universal kernel.
1. Sε(µ, ν) ≥ 0 with equality iff µ = ν, and Sε “metrizes” weak convergence.
2. Sε convex in each of its inputs.

Assumption
until the end
of the talk

µτ
k+1 ∈ arg min

µ
E(µ) +

Sε(µ, µ
τ
k)

2τ

Sinkhorn JKO:
but

√
Sε not a distance

See also [Aubin-Frankowski, Sodini & Stefanelli, 2025]
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Using Sinkhorn divergences

Sε(µ, ν) = OTε(µ, ν)−
1

2
OTε(µ, µ)−

1

2
OTε(ν, ν).

As OTε(µ, µ) > 0, debias by defining Sinkhorn divergence

Theorem Assume exp(−c/ε) positive definite universal kernel.
1. Sε(µ, ν) ≥ 0 with equality iff µ = ν, and Sε “metrizes” weak convergence.
2. Sε convex in each of its inputs.

Assumption
until the end
of the talk

µτ
k+1 ∈ arg min

µ
E(µ) +

Sε(µ, µ
τ
k)

2τ

Sinkhorn JKO:
but

√
Sε not a distance

Today: Study of SJKO with
E(µ) =

∫
V dµ potential energy.

(if ε = 0 convergence to the transport
equation ∂tµ = div(µ∇V ))
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1 - Derivation of the limit flow as τ → 0

2 - Interlude: the Riemannian geometry of
Sinkhorn divergences

3 - Existence, stability and long term behavior
of the flow
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2 - Interlude: the Riemannian geometry of
Sinkhorn divergences
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Technical preliminaries: Schrödinger potentials{
f = Tε(g, ν),

g = Tε(f, µ),

Tε(f, µ) = −ε log
∫
X

exp
(
f(x)− c(x, ·)

ε

)
dµ(x).

(fµ,ν , gµ,ν) Schrödinger potentials, solutions of:

with

Proposition
δOTε(µ, ν)

δ(µ, ν)
= (fµ,ν , gµ,ν).

[Feydy, Séjourné, Vialard, Amari, Trouvé & Peyré, 2019]
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Technical preliminaries: Schrödinger potentials{
f = Tε(g, ν),

g = Tε(f, µ),

Tε(f, µ) = −ε log
∫
X

exp
(
f(x)− c(x, ·)

ε

)
dµ(x).

(fµ,ν , gµ,ν) Schrödinger potentials, solutions of:

with

kµ,ν(x, y) = exp
(
fµ,ν(x) + gµ,ν(y)− c(x, y)

ε

)
.

Definition:

πε = kµ,ν · (µ⊗ ν).

πε entropic optimal plan
between µ and ν is:

Proposition
δOTε(µ, ν)

δ(µ, ν)
= (fµ,ν , gµ,ν).
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Optimality conditions of SJKO

µτ
k+1 ∈ arg min

µ
E(µ) +

Sε(µ, µ
τ
k)

2τ
.

Sinkhorn JKO: with Sε Sinkhorn divergence and
E(µ) =

∫
V dµ potential energy.

x

V (x)
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Optimality conditions of SJKO

µτ
k+1 ∈ arg min

µ
E(µ) +

Sε(µ, µ
τ
k)

2τ
.

Sinkhorn JKO:

Lemma. For any k, there exists pτk ≤ 0 with pτk = 0 on supp(µτ
k+1) s.t.

fµτ
k+1,µ

τ
k
− fµτ

k+1,µ
τ
k+1

2τ
+ V + pτk = Cst.

with Sε Sinkhorn divergence and
E(µ) =

∫
V dµ potential energy.
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Optimality conditions of SJKO

µτ
k+1 ∈ arg min

µ
E(µ) +

Sε(µ, µ
τ
k)

2τ
.

Sinkhorn JKO:

Lemma. For any k, there exists pτk ≤ 0 with pτk = 0 on supp(µτ
k+1) s.t.

fµτ
k+1,µ

τ
k
− fµτ

k+1,µ
τ
k+1

2τ
+ V + pτk = Cst.

Must be related to µτ
k+1 − µτ

k

with Sε Sinkhorn divergence and
E(µ) =

∫
V dµ potential energy.
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Equation of the limit flow

Kµ[ϕ](x) =

∫
X

kµ,µ(x, y)ϕ(y) dµ(y),

Hµ[σ](x) =

∫
X

kµ,µ(x, y) dσ(y).

∂fµ,ν
∂ν

∣∣∣∣
µ=ν

[σ] = −ε(Id −K2
µ)

−1Hµ[σ].

Theorem (informal)Define

[Carlier & Laborde, 2020], [Sanz, Loubes, and Niles-Weed, 2022],
[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024]
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Kµ[ϕ](x) =

∫
X

kµ,µ(x, y)ϕ(y) dµ(y),

Hµ[σ](x) =

∫
X

kµ,µ(x, y) dσ(y).

∂fµ,ν
∂ν

∣∣∣∣
µ=ν

[σ] = −ε(Id −K2
µ)

−1Hµ[σ].

Theorem (informal)Define

[Carlier & Laborde, 2020], [Sanz, Loubes, and Niles-Weed, 2022],
[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024]

fµτ
k+1,µ

τ
k
− fµτ

k+1,µ
τ
k+1

2τ
+ V + pτk = Cst.Recall: SJKO yields



9/21

Equation of the limit flow

Kµ[ϕ](x) =

∫
X

kµ,µ(x, y)ϕ(y) dµ(y),

Hµ[σ](x) =

∫
X

kµ,µ(x, y) dσ(y).

∂fµ,ν
∂ν

∣∣∣∣
µ=ν

[σ] = −ε(Id −K2
µ)

−1Hµ[σ].

Theorem (informal)Define

ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.

pt pressure: pt ≤ 0, and
pt = 0 on supp(µt)

Formal limit τ → 0 of SJKO: Sinkhorn potential flow
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Equation of the limit flow

Kµ[ϕ](x) =

∫
X

kµ,µ(x, y)ϕ(y) dµ(y),

Hµ[σ](x) =

∫
X

kµ,µ(x, y) dσ(y).

∂fµ,ν
∂ν

∣∣∣∣
µ=ν

[σ] = −ε(Id −K2
µ)

−1Hµ[σ].

Theorem (informal)Define

ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.

pt pressure: pt ≤ 0, and
pt = 0 on supp(µt)

Formal limit τ → 0 of SJKO: Sinkhorn potential flow

So µ̇t = H−1
µt

[. . .] with Hµt “convolution”.
Non local equation of infinite order.
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Examples

Proposition. If X = Rd, V convex, c quadratic
cost and µ0 = δx0 then µt = δxt with

ẋt ∈ −∂V (xt).

x

V (x)

(Same as Wasserstein GF).
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Examples

Proposition. If X = Rd, V convex, c quadratic
cost and µ0 = δx0 then µt = δxt with

ẋt ∈ −∂V (xt).

x

V (x)

(Same as Wasserstein GF).

But if V not convex there can be teleportation!

Here a Lagrangian
discretization won’t
work.
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1 - Derivation of the limit flow as τ → 0

2 - Interlude: the Riemannian geometry of
Sinkhorn divergences

3 - Existence, stability and long term behavior
of the flow

J. Luckhardt G. Mordant B. Schmitzer L. Tamanini

Joint work with:
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The Hessian of the Sinkhorn divergence

(µt)t curve with µ̇t ∈ Cm(X)∗ and c ∈ C2m(X ×X).

Theorem. µ0µt

Sε(µ0, µt) ∼ t2
ε

2
〈µ̇, (Id −K2

µ)
−1Hµ[µ̇]〉.

Kµ[ϕ](x) =

∫
X

kµ,µ(x, y)ϕ(y) dµ(y),

Hµ[σ](x) =

∫
X

kµ,µ(x, y) dσ(y).

Recall
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The Hessian of the Sinkhorn divergence

(µt)t curve with µ̇t ∈ Cm(X)∗ and c ∈ C2m(X ×X).

Theorem.

Definition. gµ(µ̇, µ̇) =
ε

2
〈µ̇, (Id −K2

µ)
−1Hµ[µ̇]〉.

µ0µt

Sε(µ0, µt) ∼ t2
ε

2
〈µ̇, (Id −K2

µ)
−1Hµ[µ̇]〉.

Same formula
Kµ[ϕ](x) =

∫
X

kµ,µ(x, y)ϕ(y) dµ(y),

Hµ[σ](x) =

∫
X

kµ,µ(x, y) dσ(y).

Recall

“Point” µ P(X)

“direction” µ̇
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Definition of the Riemannian distance

Definition. Given µ0, µ1:
dS(µ0, µ1)

2 = inf
∫ 1

0

gµt(µ̇t, µ̇t) dt

where infimum over (µt)t in a suitable class of
paths.

µ0

µ1

P(X)

gµ(µ̇, µ̇) =
ε

2
〈µ̇, (Id −K2

µ)
−1Hµ[µ̇]〉.Recall X compact,

Both “vertical” and “horizontal” motion is allowed!

[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024]
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Definition of the Riemannian distance

Definition. Given µ0, µ1:
dS(µ0, µ1)

2 = inf
∫ 1

0

gµt(µ̇t, µ̇t) dt

where infimum over (µt)t in a suitable class of
paths.

Theorem. dS is a distance over P(X) metrizing weak convergence of
measures, and the infimum in the definition is reached (geodesics exist).

µ0

µ1

P(X)

gµ(µ̇, µ̇) =
ε

2
〈µ̇, (Id −K2

µ)
−1Hµ[µ̇]〉.Recall X compact,

Both “vertical” and “horizontal” motion is allowed!

[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024]
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Link with the Sinkhorn potential flow

E : µ 7→
∫
V dµ

Curve (µt)

µ0 (P(X),dS)

ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.

Sinkhorn potential flow

Metric tensor
gµ(µ̇, µ̇) =

ε

2
〈µ̇, (Id −K2

µ)
−1Hµ[µ̇]〉.

Distance
dS(µ0, µ1)

2 = inf
∫ 1

0

gµt(µ̇t, µ̇t) dt.



14/21

Link with the Sinkhorn potential flow

E : µ 7→
∫
V dµ

Curve (µt)

µ0 (P(X),dS)

ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.

Sinkhorn potential flow

Metric tensor
gµ(µ̇, µ̇) =

ε

2
〈µ̇, (Id −K2

µ)
−1Hµ[µ̇]〉.

Distance
dS(µ0, µ1)

2 = inf
∫ 1

0

gµt(µ̇t, µ̇t) dt.

Claim: the Sinkhorn potential flow is formally the gradient flow of E in
the Riemannian manifold (P(X), g).

e.g. gµt(µ̇t, z) +DE(µt)(z) ≥ 0 for all z ∈ TµtP(X) admissible tangent vector.
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1 - Derivation of the limit flow as τ → 0

2 - Interlude: the Riemannian geometry of
Sinkhorn divergences

3 - Existence, stability and long term behavior
of the flow
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Main theoretical results

Theorem. (X compact, exp(−c/ε) p.d. universal, V continuous)

ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.Sinkhorn potential flow:
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2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.Sinkhorn potential flow:



16/21

Main theoretical results

Theorem. (X compact, exp(−c/ε) p.d. universal, V continuous)
1. Existence: for any µ0, there exists a global solution (µt)t≥0.
2. The flow is non-expansive for a distance, equivalent to dS , to be
specified later.
3. Convergence to global minimum: E(µt) → minE as t → +∞.

x

V (x)

Recall. The flow of the Wasserstein GF
∂µt = div(µt∇V ) gets trapped in local minima.

ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.Sinkhorn potential flow:
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The key change of variables into a Reproducing Kernel Hilbert Space
Recall kc = exp(−c/ε) : X ×X → R positive definite and universal.

Definition. Hc Hilbert space of
functions X → R: completion of

span {kc(·, x) : x ∈ X}

with 〈kc(·, x), kc(·, y)〉Hc
= kc(x, y).

[Paulsen & Raghupathi, 2016]
(kc universal⇔ Hk dense in C(X) )

kc positive definite if this
defines dot product
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The key change of variables into a Reproducing Kernel Hilbert Space
Recall kc = exp(−c/ε) : X ×X → R positive definite and universal.

Definition. Hc Hilbert space of
functions X → R: completion of

span {kc(·, x) : x ∈ X}

with 〈kc(·, x), kc(·, y)〉Hc
= kc(x, y).

where fµ,µ : X → R Schrödinger
potential.

Define:
b = B(µ) = exp

(
−fµ,µ

ε

)

[Feydy, Séjourné, Vialard, Amari, Trouvé & Peyré, 2019]
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The key change of variables into a Reproducing Kernel Hilbert Space
Recall kc = exp(−c/ε) : X ×X → R positive definite and universal.

Definition. Hc Hilbert space of
functions X → R: completion of

span {kc(·, x) : x ∈ X}

with 〈kc(·, x), kc(·, y)〉Hc
= kc(x, y).

where fµ,µ : X → R Schrödinger
potential.

Theorem. The map B is an
homeomorphism between
P(X) and the intersection
of a convex cone and the
unit sphere of Hc.

Define:
b = B(µ) = exp

(
−fµ,µ

ε

)

P(X)

B

Unit sphere of Hc

B(P(X))

[Lavenant, Luckhardt, Mordant, Schmitzer, & Tamanini, 2024]
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Sinkhorn flow in the Hilbert spaceHc

Hc

With bt = exp(−fµt,µt/ε) ∈ Hc and V : X → R.

Sinkhorn flow in the b-variable.
ḃt +

2

ε
(V − V ∗) bt + pt = 0.

multiplication by V
in Hc

V ∗ Adjoint of multiplication
by V for 〈·, ·〉Hc

pt ≤ 0, and pt = 0
on supp(µt)

B(P(X))
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Hc

With bt = exp(−fµt,µt/ε) ∈ Hc and V : X → R.

Sinkhorn flow in the b-variable.
ḃt +

2

ε
(V − V ∗) bt + pt = 0.

multiplication by V
in Hc

V ∗ Adjoint of multiplication
by V for 〈·, ·〉Hc

pt ≤ 0, and pt = 0
on supp(µt)

2
ε (V − V ∗) skew-symmetric: generates
group of unitary operators, but unbounded.

“Rotation” generated by 2
ε (V − V ∗)

B(P(X))
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Sinkhorn flow in the Hilbert spaceHc

Hc

With bt = exp(−fµt,µt/ε) ∈ Hc and V : X → R.

Sinkhorn flow in the b-variable.
ḃt +

2

ε
(V − V ∗) bt + pt = 0.

multiplication by V
in Hc

V ∗ Adjoint of multiplication
by V for 〈·, ·〉Hc

pt ≤ 0, and pt = 0
on supp(µt)

2
ε (V − V ∗) skew-symmetric: generates
group of unitary operators, but unbounded.

“Rotation” generated by 2
ε (V − V ∗)

Pressure: in the polar cone of
B(M+(X)) for 〈·, ·〉Hc

, maintains µt ≥ 0.

B(P(X))

Pressure
active on
∂B(P(X))
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Proof ideas of the main results

Proof idea for existence: approximate X by a
finite space XN = {x1, . . . , xN}. For measures
supported on XN , the Sinkhorn flow is a
maximal monotone evolution.

Xx1

xN

…

Proof idea of non-expansiveness: Monotone
evolutions are non-expansive thus ‖b1t − b2t‖Hc

decreases.

(b1t )

(b2t )



20/21

Link with the Sinkhorn JKO scheme

µτ
k+1 ∈ arg min

µ
E(µ) +

Sε(µ, µ
τ
k)

2τ
.

Sinkhorn JKO: with Sε Sinkhorn divergence and
E(µ) =

∫
V dµ potential energy.

Sinkhorn potential flow
ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.
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Link with the Sinkhorn JKO scheme

µτ
k+1 ∈ arg min

µ
E(µ) +

Sε(µ, µ
τ
k)

2τ
.

Sinkhorn JKO: with Sε Sinkhorn divergence and
E(µ) =

∫
V dµ potential energy.

Sinkhorn potential flow

Proposition. If X is a finite set, the solutions
of the Sinkhorn JKO scheme, properly
interpolated in time, converge to the Sinkhorn
flow as τ → 0 in C([0, T ],P(X)).

S flow

SJKO

ε

2
(Id −K2

µt
)−1Hµt

[µ̇t] + V + pt = Cst.
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Future works

What I have not presented:
• our results on the geometry of Sinkhorn divergences.

Some topics worth exploring:
• Going beyond potential energies,
• Limit ε → 0 towards Wasserstein gradient flows,
• Use this flow for optimization or sampling?
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Thank you for your attention


