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The JKO scheme

Level sets £
E : P(RY) — [0, +o00] and ug € P(R?).
o
o
o
OT(u,v) = min // lz —y|* dr(z,y). o
mell(u,v) Rd x R4 “
Subset of P(R¢ x R?), coupling between x and v e P(RY)

Minimizing movement scheme / JKO scheme. For = > 0 iterate for k > 0,

OT (u, py;)
1 € in F |
Hiy1 € argmin E(p) o

[Jordan, Kinderlehrer & Otto, 1998] 3/21
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The JKO scheme

. 1 Level sets £
OT(p,v) = min // iz —y|* dn(z,y).
mell(p,v) J JRd xR o
Subset of P(R? x R%), coupling between ;. and v e P(RY)

Minimizing movement scheme / JKO scheme. For = > 0 iterate for k > 0,

. OT (p, pz,)
11 € E(u) A ’
Hiy1 € argmin E(p) o

uo >~ pgr as T — 0 with (u,); gradient flow of E with respect to OT geometry.

Question: how to use entropic OT instead of OT?

[Jordan, Kinderlehrer & Otto, 1998] 3/21



With entropic optimal transport?
(X, d) compact metric space with symmetric cost function ¢, and = > 0.

Definition

OT.(p,v) = min // c(x,y)dn(x,y)
mwell(w,v) XxX

+eKL(7|p ® v)

Why?

1. easier to compute (Sinkhorn algorithm),

2. better statistical complexity,
3. smoother dependence in (u, v).

[Peyré & Cuturi ,2018]

m(dz, dy) <

X

14

Kullback-Leibler
divergence, a.k.a relative
entropy
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(X, d) compact metric space with symmetric cost function ¢, and = > 0.

With entropic optimal transport?

Deﬁmtlon
OT.(p,v) = min // c(x,y)dn(x,y)
mwell(w,v) X x X

+eKL(7|p @ v)

Entropic JKO scheme:
: OT, (:ua N;c_)
T E I
Hiy1 € argmin E(p) o

[Peyre, 2015]
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With entropic optimal transport?
(X, d) compact metric space with symmetric cost function ¢, and = > 0.

Deﬁmtlon
OT.(p,v) = min // c(x,y)dn(x,y)
mwell(w,v) X x X

+eKL(7|p @ v)

Entropic JKO scheme:
: OT&‘(M?HZ)
i1 € E |
Hiy1 € argmin E(p) o

[Peyre, 2015]

Problem: ;» does not minimize
vi—= OT (v, 1).

~+ Global minima of E not

stable.
~ Temporal evolution

not a time scale 7.
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With entropic optimal transport?
(X, d) compact metric space with symmetric cost function ¢, and = > 0.

Definition
OT.(p,v) = min // c(x,y)dn(x,y)
mwell(w,v) X x X
+eKL(7|p @ v)
Entropic JKO scheme:
; . OTe(, py,
i1 € argmin F(u) A ;M )
p T

[Carlier, Duval, Peyré, Schmitzer, 2017]
[Baradat, Hraivoronska, Santambrogio, 2025]

Problem: ;» does not minimize

v — OT

~ @
stab

(0

E.

(v, ).

bal minima of E not

~ Temporal evolution
not a time scale .

One Solution: Decrease ¢ with 7.

~ scalinge < 7 Ore ~ 7.
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With entropic optimal transport?
(X, d) compact metric space with symmetric cost function ¢, and = > 0.

Deﬁmtlon Problem: ;. does not minimize
OT.(p,v) = EI%II(IH )// c(z,y)dm(z,y)| v OT (v, p).
T kv X xX
~+ Global minima of E not
KL
+eKL{rlp®v) stable.
Entropic JKO scheme: ;; tT lepr)noeraSlci\l/:lTutlon
. OT. (:ua N;c_)
T4 €Eargemin F | . .
Pt : v () 2T One Solution: Decrease < with 7.

~ scalinge < 7 Ore ~ 7.

Today: | will keep < fixed.

4[21



Using Sinkhorn divergences

As OT.(u, 1) > 0, debias by defining Sinkhorn divergence
1 1
S&“(:u? V) — OT&“(N? V) o §OT€(N7 :LL) o §OT€(V7 V)'

[Genevay, Peyre, & Cuturi, 2018]
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Using Sinkhorn divergences

As OT.(u, 1) > 0, debias by defining Sinkhorn divergence
1 1
S&“(:Uﬂ V) — OT&“(:UJ? V) o §OT€(N7 :LL) o §OT€(V7 V)‘

Theorem Assume exp(—c/e) positive definite universal kernel.

1. Se(u,v) > 0 with equality Iff » = v, and S. “metrizes” weak convergence.
2. S, convex in each of its inputs.

[Genevay, Peyre, & Cuturi, 2018]
[Feydy, Séjourné, Vialard, Amari, Trouvé & Peyré, 2019] 5/21




Using Sinkhorn divergences

As OT.(u, 1) > 0, debias by defining Sinkhorn divergence
1 1
S&“(:Uﬂ V) — OT&“(:UJ? V) o §OT€(N7 :LL) o §OT€(V7 V)‘

Theorem Assume exp(—c/e) positive definite universal kernel.

1. Se(u,v) > 0 with equality Iff » = v, and S. “metrizes” weak convergence.
2. S, convex in each of its inputs.

Sinkhorn JKO:

So(, ul
:u;g-_|_1 S al“gmluin E(Iu) | 5(:“ ,Lbk)

2T

See also [Aubin-Frankowski, Sodini & Stefanelli, 2025] 5/21



Using Sinkhorn divergences

As OT.(u, 1) > 0, debias by defining Sinkhorn divergence
1 1
Sc(p,v) =0T (u,v) — §OT€(/L,,LL) — §OT€(V, V).

Theorem Assume exp(—c/e) positive definite universal kernel.

1. Se(u,v) > 0 with equality Iff » = v, and S. “metrizes” weak convergence.
2. S, convex in each of its inputs.

Sinkhorn JKO:

; j Se (1, 1, Today: Study of SJKO with
o1 S al‘gmluln E(,u) | (:u Mk)

9 E(n) = [ V du potential energy.

(if e = 0 convergence to the transport
equation 9;u = div(uVV)) 5/21



A
\// 1 - Derivation of the limit flowas = — 0

>

2 - Interlude: the Riemannian geometry of
Sinkhorn divergences

3 - Existence, stability and long term behavior
of the flow
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Technical preliminaries: Schrodinger potentials

(fu.vs 9..) Schrodinger potentials, solutions of:

with T-(f,pn) = —Elog/

X

<

(f — Te(gay)a

\g — Ta(fa :u)a

exp <f(513) ;C(fl% ')) dpu(z).

Proposition
00T, (u,v)

0(p,v)

— (fu,w g,u,z/)-

[Feydy, Seéjourne, Vialard, Amari, Trouvé & Peyre, 2019]
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Technical preliminaries: Schrodinger potentials

(fu.vs 9..) Schrodinger potentials, solutions of:

with T-(f,pn) = —Elog/

X

(f — Tg(g,V),

<\g — Ta(fa :u)a

exp <f(513) —80(517» ')) dpu(z).

Proposition

5OT5(/'L7 V) B
o(p,v) = (fuvs Gpw)-

Definition:
ku,v(wv y) — €XP (

E

nw@»+%w@»—muw).

7. entropic optimal plan
between p and v is:

Te =k, (LOV).
7/21



Optimality conditions of SJKO

Sinkhorn JKO: with S, Sinkhorn divergence and
. , Se(p, pl E(un) = [ V du potential energy.
ul., € argmin E(p) A (1, p1;) . (1) f mPp gy
P 2T A
Viz)

\ XS

8/21



Optimality conditions of SJKO

Sinkhorn JKO: with S, Sinkhorn divefgence and
- Se(p, 1) E(u) = [V du potential energy.

(< in K | :
Hiy1 € argmin E(u) =

Lemma. For any k, there exists p; < 0 with pj, = 0 on supp(uj, ) S.t.

f“£+1’“7~; o f“2+17“£+1
2T

-V 4+ p, = Cst.

8/21



Optimality conditions of SJKO

Sinkhorn JKO: with S, Sinkhorn divergence and

- Se(p, 1) E(u) = [V du potential energy.

(< in K | :
Hiy1 € argmin E(u) 5

Lemma. For any k, the i< 0 with p7 = 0 on supp(uf ;) St.

V +p. = Cst.

Must be related to puj_ , — pj,

8/21



Equation of the limit flow

Define Theorem (informal)
Kuld)(@) = [ huule.p)o@) )| | oy, , .

X B’V, ) ol = —e(ld — K}) " H,[o].
H,[0](z) = /X by u(2,y) do(y). T

[Carlier & Laborde, 2020], [Sanz, Loubes, and Niles-Weed, 2022],
[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024] 9/21



Equation of the limit flow

Define

K, [¢](z) = /X by, )0 () duy),

H,[o](z) = /X k() do(y).

Theorem (informal)

Of v
Ov

p=v

o] = —e(Id — K;)"'H,[o].

Recall: SJKO yields

[Carlier & Laborde, 2020], [Sanz, Loubes, and Niles-Weed, 2022],
[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024]

+ V 4 p, = Cst.

9/21




Equation of the limit flow

Define / Theorem (informal)
Kulol(x) = [ Ky u(z,y)o(y) du(y),
X YOI ag’;’y ) o] = —e(Id — KZ)_lHM[J].

H,[o](z) = /X k() do(y).

Formal limit 7 — 0 of SJKO: Sinkhorn potential flow

& — .
i(ld — Kit) 1Hut [Nt] +V + p; = Cst.

p: pressure: p; < 0, and
pr = 0 on supp(fi)
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Equation of the limit flow

Define / Theorem (informal)
Kulol(x) = [ Ky u(z,y)o(y) du(y),
X YOI ag’;’y ) o] = —e(Id — KZ)_lHM[J].

H,[o](z) = /X k() do(y).

Formal limit 7 — 0 of SJKO: Sinkhorn potential flow

& — .
i(ld — Kit) 1Hut [Nt] +V + p; = Cst.

p: pressure: p; < 0, and
So iy = H'[...] with H,, “convolution”. pe = 0 0N supp(fur)
Non local equation of infinite order.

9/21



Examples

Proposition. If X = R¢, V convex, c quadratic
cost and pg = 0., then u; = §,, with

Ct‘t - —8‘/((1375)
(Same as Wasserstein GF).

10/21



Examples

Proposition. If X = R¢, V convex, c quadratic
cost and pg = 0., then u; = §,, with

jjt - —8‘/((1315)
(Same as Wasserstein GF). .

But if V' not convex there can be teleportation!

Here a Lagrangian

discretization won't
work.

t = 0.00 t=0.25 t = 0.50 Vv
10/21



1 - Derivation of the limit flowas - — 0

2 - Interlude: the Riemannian geometry of
Sinkhorn divergences

Joint work with:

J. Luckhardt B. Schmitzer L. Tamanini

/21



The Hessian of the Sinkhorn divergence

(pe): curve with o, € C™(X)* and c € C?™(X x X).

Theorem.
g . _ .
Se(:u()mut) Nt2§<:u7 (Id_Ki) 1H,Lb[lu]>°

Recall

K, [¢](z) = /X ()0 () da(y).

i

LN
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The Hessian of the Sinkhorn divergence

(pe): curve with o, € C™(X)* and c € C?™(X x X).

IhEO'I'ETn'. .....................................................
0‘ 8 i . ) .‘:
L Se(o, ) ~ 0 o (i, (A — KE)THH D). Vs

Recall Same formula
Kldl(@) = | Ko, 0)6(0) duty). “direction”
H,lo](z) = / kp,u(,y) do(y). /

X Point™ u

Definition. g, (1, 0) = = (i1, (Id — K2)~ " H,[a]).




Definition of the Riemannian distance

— ~ (i1, (Id — K2) "V H,[j1])-

Recall X compact, g, (1) 5

Definition. Given po, 11,
dS(:uOnul)Q — lnf/ YT (/:Lt7/:1/t) dt
0

where infimum over (u;); In a suitable class of
paths.

P(X)

Both “vertical” and “horizontal” motion is allowed!

[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024]

251
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Definition of the Riemannian distance

— ~ (i1, (Id — K2) "V H,[j1])-

Recall X compact, g,.(x, ft) >

Definition. Given po, 11,
dS(:uOnul)Q — lIlf/ YT (lataﬂt) dt
0

where infimum over (u;); In a suitable class of
paths.

Both “vertical” and “horizontal” motion is allowed!

M1

Theorem. dg is a distance over P(X) metrizing weak convergence of
measures, and the infimum in the definition is reached (geodesics exist).

[Lavenant, Luckhardt, Mordant, Schmitzer, Tamanini, 2024]

13/21




Link with the Sinkhorn potential flow

Sinkhorn potential flow E:p— [Vdu
€11 2 \—1 : _
5 (Id K,ut) H,ut [,Ut] +V + Pt Cst. Curve (,ut)
Metric tensor -
81, f2) = 54, (I — K) ™ H 1]
Distance
1o (P(X),ds)

1
ds (a0, p0)? = inf | g (s i) .
0

14 /21



Link with the Sinkhorn potential flow

Sinkhorn potential flow E:p— [Vdu
€11 2 \—1 : _
5 (Id K,ut) H,ut [,Ut] +V + Pt Cst. Curve (,ut)
Metric tensor -
81, f2) = 54, (I — K) ™ H 1]
Distance
1o (P(X),ds)

1
ds (a0, p0)? = inf | g (s i) .
0

Claim: the Sinkhorn potential flow is formally the gradient flow of £ in
the Riemannian manifold (P(X), g).

e.8. g, (fu,2) + DE(u:)(z) > 0forall z € T),,P(X) admissible tangent vector.
1421



1 - Derivation of the limit flowas - — 0

2 - Interlude: the Riemannian geometry of
Sinkhorn divergences

3 - Existence, stability and long term behavior
of the flow

15/21



Main theoretical results

Sinkhorn potential flow: %(Id — K. ) ' Hy,[fu] +V +p; = Cst.

Theorem. (X compact, exp(—c/<) p.d. universal, V' continuous)
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Main theoretical results

Sinkhorn potential flow: %(Id — K. ) ' Hy,[fu] +V +p; = Cst.

Theorem. (X compact, exp(—c/<) p.d. universal, V' continuous)
1. Existence: for any u, there exists a global solution (j;)¢>o.

2. The flow is non-expansive for a distance, equivalent to dg, to be
specified later.

3. Convergence to global minimum: E(;;) — min E as t — +oc.

Viz) A

Recall. The flow of the Wasserstein GF
Oy = div(u; VV') gets trapped in local minima.

x, 16/21




The key change of variables into a Reproducing Kernel Hilbert Space

Recall k. = exp(—c/e) : X x X — R positive definite and universal.

Definition.

H. Hilbert space of

functions X — R: completion of
span{k.(-,z) : z € X}

with (ke( @), ke(5y)a, = ke, y).

k. positive d
defines dot

efinite if this
oroduct

(k. universa

| & H;, dense in C(X) )

[Paulsen & Raghupathi, 2016]
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The key change of variables into a Reproducing Kernel Hilbert Space

Recall k. = exp(—c/e) : X x X — R positive definite and universal.

Definition. 7. Hilbert space of Define: fuu
functions X — R: completion of b= DB(u) = exp e
span {kc(,z) : v € X} where f, , : X — R Schrédinger
] otential.
Wlth <kc('7x)7k0('7y)>7‘lc — kc(ﬂj,y) p

[Feydy, Séjourné, Vialard, Amari, Trouvé & Peyré, 2019] 17/21



The key change of variables into a Reproducing Kernel Hilbert Space

Recall k. = exp(—c/e) : X x X — R positive definite and universal.

Definition. 7. Hilbert space of Define: fuu
functions X — R: completion of b= DB(u) = exp e
span {kc(,z) : v € X} where f, , : X — R Schrédinger
] otential.
Wlth <kc('7x)7k0('7y)>7‘lc — kc(ﬂj,y) p

Theorem. The map B is an
homeomorphism between
P(X) and the intersection
of a convex cone and the
unit sphere of H..

Unit sphere of #.
[Lavenant, Luckhardt, Mordant, Schmitzer, & Tamanini, 202¢4] 17/21



Sinkhorn flow in the Hilbert space 7.
With b, = exp(—fu, ... /€) € Hcand V : X — R,

Sinkhorn flow in the b-variable. | »: <0,and p; =0
, 9 ) on supp( )
bt+g(V—V )bt—|—pt:O

multiplication by V

in . V* Adjoint of multiplication

by V for <'7 '>7-lc
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Sinkhorn flow in the Hilbert space 7.
With b, = exp(—fu, ... /€) € Hcand V : X — R,

Smkhorn flow-in the b-variable. | »+ <0,and p; =0
2 R on supp(ft)

L 4
L 4
...

“‘
.
Y

m[;{luphcatlon by Voo s Adjoint of multiplication

by V for <'7 '>7-[c

He
2(V — V*) skew-symmetric: generates

group of unitary operators, but unbounded. Q
“Rotation” generated by 2(V — V*)
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Sinkhorn flow in the Hilbert space 7.
With b, = exp(—fu, ... /€) € Hcand V : X — R,

Smkhorn flow-in the b- varlable pr <0,and p; =0
2 . * ..‘ “ on Supp(,ut)
by -|- (V = V*)bit pr = 0.

L 4

*

.
8 L
.....

Pressure
active on
OB(P(X))

m[;{luphcatlon by Voo s Adjoint of multiplication

by V for <'7 '>7-[c

He
2(V — V*) skew-symmetric: generates

group of unitary operators, but unbounded. Q

: “Rotation” generated by 2(V — V*
Pressure: In the polar cone of = )

B(M_ (X)) for (-, )3, maintains u; > 0.
18/21



Proof ideas of the main results

Proof idea for existence: approximate X by a

finite space Xy = {z1,...,zx}. FOr measures
supported on Xy, the Sinkhorn flow is a

maximal monotone evolution.

\\‘(b%\)>
5 Proof idea of non-expansiveness: Monotone

evolutions are non-expansive thus [|b; — b?||#.

, decreases.
(07)
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Link with the Sinkhorn JKO scheme

Sinkhorn JKO:

Se(p, 17,)

s € argmin B(j) -

2T

Sinkhorn potential flow

& — .
i(ld — Kit) 1Hut [Mt] +V + p; = Cst.

with S, Sinkhorn divergence and
E(u) = [V du potential energy.
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Link with the Sinkhorn JKO scheme

Sinkhorn JKO: with S. Sinkhorn divergence and

RS argmﬂin E(u) Se(“’“’f), E(u) = [V du potential energy.

2T

Sinkhorn potential flow

& — .
i(ld — Kit) 1Hut [Mt] +V + p; = Cst.

SJKO Proposition. If X is a finite set, the solutions
of the Sinkhorn JKO scheme, properly
Interpolated in time, converge to the Sinkhorn
< fow flowas 7 — 01in C([0,T], P(X)).

20/21



Future works

What I have not presented:
» our results on the geometry of Sinkhorn divergences.

O\, ‘ 3' Some topics worth exploring:

+ Going beyond potential energies,
« Limit ¢ — 0 towards Wasserstein gradient flows,
» Use this flow for optimization or sampling?
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Future works

What I have not presented:
» our results on the geometry of Sinkhorn divergences.

O\, ‘ 3' Some topics worth exploring:

+ Going beyond potential energies,
« Limit ¢ — 0 towards Wasserstein gradient flows,
» Use this flow for optimization or sampling?

Thank you for your attention
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